ABSTRACT
INTRODUCTION
This work is aimed at determination of long-term probabilistic prediction of maximum yearly sea levels in five Polish Baltic Sea coast observation stations: Swinoujscie, Kolobrzeg, Ustka, Wladyslawowo and Gdansk. Knowledge of sea levels of a given occurrence probability is necessary in designing the marine hydro-engineering buildings as well as in determining the characteristics of storm swellings.
The most important is to know high water level stages which can happen once a determined number of years, e.g. once 50, 100, 150 or 200 years. This period is called the return period T. It is expressed as follows: (1) where: T -mean return period p -probability [%.]. Empirical probability is defined by Weibull's function [1] : (2) or Czegodajew formula used in hydro-engineering [7] : (3) where: m -successive term of distribution series N -size of series. To estimate a probable water level, available measurement data series from previous years should be used. Credibility of such estimation depends both on length of water level observation series and representativeness of a chosen theoretical probability distribution function. In determining probability of the yearly highest sea levels a random sample covering a few dozen years of measurements is usually at one's disposal. Hence for Kolobrzeg the observed water levels from the years of 1867 ÷ 2006 were at one's disposal, Calculations of exceedance probability of water levels consist in appropriate selection of theoretical probability distributions and next in assumption of estimation methods of parameters of a selected distribution, with the use of statistical data. Confirmation of the fact whether the distribution has been properly selected can be obtained by using the tests of goodness of fit, proposed in the literature. Calculation results are given together with a confidence interval within which real variable value can be found with a given probability.
In probability theory the random variable X is such quantity which -due to random coincidence of various factors -can achieve different numerical values with a given probability. In this work the series of yearly maximum water levels observed at the stations of Swinoujscie, Kolobrzeg, Ustka, Wladyslawowo and Gdansk, are taken as the random variable X. A function which determines how large is occurrence Occurrence probability of maximum sea levels in Polish ports of Baltic Sea coast probability of the event that the random variable X takes one of the values contained within the numerical interval S on the x -variable axis is called the probability distribution of the random variable X. In hydrology and oceanology the distributions: -log-normal distribution (Gauss -Laplace) -Pearson's distribution of type III -Debski's distribution -Gumbel's distribution of extreme values (Fisher-Tippett, type I) are most often used [1, 6, 8] .
Every theoretical distribution density function has a number of parameters g 1 ,...,g k , on which its graphical form depends. One of the crucial tasks is, on the basis of random sample, to estimate values of the paramters g 1 ,...,g k , in such a way as random features of general population to be represented as best as possible by the function f(x, g 1 ,...,g k ). In statistics to this end serve the methods of estimation of probability distribution parameters. Usefulness of particular estimation methods is dependent first of all on random sample size as a well as on a required degree of approximation of estimated values to theoretical ones. To large random samples simpler methods which provide lower estimation accuracy, can be applied [7] .
In practice it is not possible to fully confirm how far a theoretical distribution fits actual distribution of random variable, i.e. that empirically elaborated on the basis of statistical observation series. In such situation consistency of theoretical distribution and observation results should be examined. To this end serve statistical consistency tests which determine occurrence probability of differences between theoretical distribution and empirical one. The λ point test of Kolmogorow and the χ 2 linear test of Pearson belong to the most often used [1, 8] .
A few calculation methods of water levels with a given exceedance probability can be distinguished depending on an assumed type of probability distribution curve as well as estimation method of parameters. Among the most frequently applied the following methods can be numbered: -quantile method (of position characteristics) -maximum likelihood method and -method of statitstical moments.
In this work Pearson's distribution and Gumbel's one was used and from among the applied methods the quantile one and that of highest likelihood was selected as recommended for the determining of occurrence probability of extreme hydrological phenomena such as water flow rates and water levels [6] , [7] .
Quantile method
The method is based on determined specific values of the variable X called quantiles. The p -order quantile is called such value of the variable x p for which the exceedance probability is equal to p. Distribution quantiles are compared to sample quantiles. To determine quantiles from random sample its elements should be ordered according to their values to form the so called distribution series. The following quantiles are usually determined: -x 50% -a value corresponding to the middle of series, equivalent of median -x p , x 100%-p -two symmetrical quantiles, equally distant from the middle of series, where: p = 10% or p = 5% is selected most frequently -x 100%, x 0% -two quantiles equivalent to lower and upper limit values of random variable.
If distribution series is long nad regular then values of symmetrical and middle quantiles can be determined by using interpolation between terms of the series. In the case of short and irregular series the searched -for quantiles are read from the equalized diagram of summed-up frequencies. However the values x 100% and x 0% are usually determined subjectively as they are located beyond the range of values of sample elements [1, 8] .
Maximum likelihood method
The basic notion of the method is the likelihood function: (4) where: f(x i , g 1 ,...g n ) -probability density function of the random variable x i in a given mathematical form and having unknown distribution parameters g i ,(g 1 ,g 2 ...g n )
The function can be approximately interpreted as probability of obtaining the random sample Z N (x i ) exactly the same as that really observed. For calculation reasons to use the logarithm of likelihood function is more convenient:
Estimation of distribution parameters consits in finding such system of the values g 1 , g 2 ,...g n at which probability of observing the given random sample Z N (xi) is the greatest. The discussed method is equivalent to searching for maximum value of the function L respective to g 1 value, i.e. to solving the set of equations: (6) where: i = 1,2,...g n .
The maximum likelihood method involves great troubles in the case when one of the estimated parameters is lower or upper variability range limitation of the random variable X. In such cases to use other methods is proposed for estimating the limitations [1, 8] .
APPLIED METHODS

Determination of theoretical probable maximum sea levels by means of the quantile method with the use of Gumbel's distribution
The Gumbel's distribution density function is based on statistical distributions of extreme values which occur in certain larger sets of values. For instance it can be maximum values of sea levels considered in this paper. The Gumbel's distribution density function is double exponential and described by the formula [2] : (7) where:
-scale parameter (it determines dispersion of the distribution along x-axis) -location parameter (it determines location of the distribution on x-axis) e -Napierian base.
Essence of estimation of the assumed distribution against given measurement data is to determine estimators of the distribution parameters and .
After finding logarithms and simplifying the above given formula the following was obtained:
To estimate the parameters and , formulas for the three quantiles: upper one X p , middle one X 50% and lower one X 1-p, were preliminarily determined. Here the following values were assumed: p = 5% and 1-p = 95%.
In compliance with the formula (8) for X p% the following was achieved [7] : X 5% = -1/ (-2.9702) (9) X 50% = -1/ (-0.36651) (10) X 95% = -1/ (1.097189) (11) Next the variability measure was determined form the formula:
By substituting relevant expressions from Eqs (9) and (11) for X p and X 1-p , respectively, the following was obtained: V = 4.0672/2 → = 2.0336/V (13) Then, on the basis of distribution series of maximum water levels for each of the considered stations the water levels were read or interpolated by using the empirical probability from the formula (2), for X p and X 1-p at p = 5%. The obtained values were used for determining the distribution parameters and from Eqs. (12), (13) and (10), respectively. The so achieved distribution parameters and were introduced to Eq. (8) for X p% and the theoretical sea levels for selected probability quantiles were calculated for each of the observation stations (Tab. 1, 2, 3, 4 and 5) In hydrology Pearson's distribution is used most often. Its type III has found the widest application to equalization of series of numerical features of hydrological phenomena. The density function of Pearson's 3rd type distribution is of the following form [5, 6] : (14) where: α, ε, λ -distribution parameters which should satisfy the following conditions: x ≥ ε (lower limitation of the distribution), α > 0, λ > 0 Γ(λ) -gamma function of the variable λ.
In this work the simplified form of the function which determines Pearson's 3rd type probability distribution, was used [5, 6] :
where: X 50% -value of the middle quantile, C v -variability coefficient, Φ (p,s) -function of exceedance probability and skewness (asymmetry).
The following are parameters of the distribution: -the variability measure V = (X 10% -X 90% )/2 -the variability coefficient
-the skewness coefficient s determined from an auxiliary table depending on value of the expression:
Like in the Gumbel's distribution, on the basis of the distribution series of maximum water levels for each of the observation stations the water levels were read or interpolated by using the empirical probability from Weibull's formula (2), for X p and X 1-p at p = 10% (the quantiles: X 10% , X 50% , X 90% , X 100% ).
The obtained values of quantiles were used for determining the distribution parameters: V, C v and s from Eqs. (12) and (16) as well as (17) and the auxiliary table, respectively [5] . The calculated distribution parameters and the function Φ(p,s) read from the above mentioned auxiliary table, were introduced to the successive formula, (15), for X p , and the theoretical sea levels for the selected probability quantiles for each of the observation stations were calculated (Tabs 1, 2, 3, 4 and 5).
Determination of theoretical probable maximum sea levels by means of the maximum likelihood method with the use of Pearson's distribution of type III
In this method the form of Pearson's distribution function, proposed by Foster, was applied [6, 1] : In the maximum likelihood method, on the basis of the distribution series of maximum water levels, for each of the observation stations the substitute variable x i , acc. Eq. (20), and its arithmetic mean x sr , as well as the logarithm of the mean, lnx sr , and the arithmetic mean of the logarithm values, (lnx)sr, then also the functions A, acc. Eq. (22), and the parameter ë, acc. Eq. (21), which was used to calculate the second parameter of Pearson's distribution, α, acc. Eq. (19), were determined. The lower limitation of the distribution, ĺ, was determined from the equation of the trend-line of maximum sea levels, depicted on the quantile -quantile diagram (by using Statistica software).
The functions t p were read from the auxiliary tables [6, 9] . Having all the Pearson's distribution parameters one made use of the Foster's formula, acc. Eq. (18), and calculated theoretical sea levels for selected probability quantiles for each of the observation stations (Tab. 1, 2, 3, 4 and 5).
Test of consistency of the assumed theoretical probability distribution with empirical distribution
In this work consistency of the assumed theoretical distribution with empirical one (observation series of sea levels) was examined with the use of Kolmogorow consistency test. The testing consists in checking the following condition [1, 8] : (23) where: p/m, N/ % -empirical occurrence probability of m-th term of distributive series p % -theoretical occurrence probability of sea level value corresponding with m-th term of distributive series λ kr -critical value of the Kolmogorow distribution (at α = 5% → λ kr = 136, at α = 1% → λ kr = 163) N -size of distributive series.
The condition of the Kolmogorow test was checked for all the methods of determination of theoretical probable maximum sea levels for each of the observation stations. Results of the test are given in Tab. 6.
Calculation of estimation error and confidence interval
Confidence interval is a range within which real value of quantile will occur with the assumed probability P α (confidence level). In this work the confidence interval limit x p was determined on the level P α = 68.3% as well as P α = 95% by means of the following formula [1, 4] :
for the upper confidence interval:
(24) for the lower confidence interval:
(25) where: t α = 1 -for the confidence level = 68.3% t α = 2 -for the confidence level = 95% σ (xp) -estimation error determined according to the following formula:
where: F(s,p) -function of probability and assymetry measure, read from the auxiliary tables [4] The determined confidence interval limits for the confidence levels P α = 68.3% and P α = 95% are given in Tab. 7.
ESTIMATION RESULTS OF THEORETICAL MAXIMUM WATER LEVELS FOR PARTICULAR OBSERVATION STATIONS AND OCCURRENCE PROBABILITY OF THE LEVELS
In this work the sea levels with assumed occurrence probability were determined on the basis of Gumbel's distribution and Pearson's distribution by applying both the quantile and maximum likelihood methods.To check consistency of the assumed theoretical distributions with empirical ones the Kolmogorow test was used (Tab. 6). Results of the test calculations do not lead to rejection of the in-advanceassumed hypothesis on consistency of the distributions.
The best adjusted to long-term observation series are the theoretical maximum sea levels and their occurence probability determined by means of the Gumbel's distribution and maximum likelihood method, that is confirmed by description given in the chapter "Applied methods" and the diagrams presented in Fig. 1 Gdansk (with 716.7 cm) and Wladyslawowo (with 709.7 cm) are the successive ports in which the maximum thousand-year levels can be expected. Other occurrence probabilities can be also considered. Graphical representation of the relations is presented in Fig. 1 through 5 for particular Polish ports of Baltic Sea coast. 
DISCUSSION OF THE RESULTS
As already mentioned, due to its characteristics Gumbel's distribution has been considered the closest to empirical one. Its advantage results from lack of lower limitation of variability range of the random variable X, among estimated parameters. Estimation of lower or upper limitation of Pearson's distribution (x 100% , or x 0%) faces serious difficulty due to a subjective way of its determination [1] , [8] .
On the basis of comparison of both methods of estimation and determination of distribution parameters it can be concluded that the maximum likelihood method makes it possible to obtain more precise results as in this method -in contrast to the quantile method -to use interpolation of distribution parameters is not necessary.
In Polish subject-matter literature the methods of determination of probability of extreme sea levels were described in the publications of Wroblewski, A. [10, 11, 12, 13, 14] and Massel, S. [7] . Prediction of Baltic Sea extreme levels was also considered by Jednoral, T., Sztobryn, M. and Milkowska, M. [3] . This work presents the methods in question in the most complete way as it takes into account calculation approaches used by different authors. In this work, the characteristics of theoretical maximum sea levels and their occurrence probability in five reperesentative Polish ports of Baltic Sea coast, were considered. The obtained results are based on the longest observation series. From the point of view of the applied methods the most important have been so far two publications by Wroblewski [11, 13] with which to compare results of this work is deemed purposeful. In Tab. 8 can be found the comparison of results of the theoretical sea levels, determined by Wroblewski for selected quantiles, with those obtained by these authors for Gdansk observation station.
From the comparison of the results of the theoretical sea levels for Gdansk observation station, obtained by these authors by using the maximum likelihood method and Gumbel's and Pearson's distributions, with those determined by Wroblewski [11, 13] , the difference from several up to a dozen or so centimeters for different quantiles, can be observed. The differences are mainly caused by a different way of determination of the lower limitation of the distribution, ĺ. Wroblewski, determining the lower limitation of the distribution, made use of the maximum likelihood method as well as the tables of modal values. In this work the equation of the trendline of maximum sea levels, depicted on the quantile-quantile diagram obtained from Statistica software, was applied. The other cause of the differences in determining the theoretical sea levels is length of observation series. In this work the series for Swinoujscie, Kolobrzeg and Gdansk are by 37 years longer than that used by Wroblewski [11, 13] Tab. 8. Theoretical maximum sea levels and probability of their occurrence at Gdansk observation station, determined by means of both Gumbel's and Pearson's distributions with the use of the maximum likelihood method, according to Wroblewski [11, 13] 
CONCLUSIONS
-In this work sea levels for a given occurrence probability, based both on Gumbel's and Pearson's distributions, were obtained with the use of both quantile method and maximum likewlihood method. The achieved results have been presented in Tab. 1 through 5 and partially in Fig. 1 through 5. -For the determined theoretical sea levels the confidence intervals at the confidence levels: Pá = 68,3% i Pá = 95,0%, were calculated (Tab. 7). -Consistency of the assumed theoretical distributions and empirical one was checked by means of the Kolmogorow test (Tab. 6). Results of the test calcultations do not lead to rejection of the assumed hypothesis on consistency of the distributions. In this work the Gumbel's distribution was considered the closest to the empirical one. Its advantage is lack of lower limitation of variability range of the random variable X, among estimated parameters. -Among the methods applied in this work the maximum likelihood method has appeared the most accurate because of lack of necessity of interpolating the distribution parameters (in contrast to the case of using the quantile method).
